Calculus

1.3 Evaluating Limits Analytically

@® What will you learn?? @

Evaluate a limit using properties of limits

Develop and Use a Strategy for finding limits.

Evaluate a limit using dividing out and rationalizing techniques.
Evaluate a limit using the Squeeze Theorem.



Properties of Limits

You have already learned that the limit of f(x) as x approaches ¢ does not
depend on the value of f at x = c.

It may be the case that the limit is precisely f(c).
In this case you may use DIRECT SUBSTITUTION to evaluate the limit

lim f(x) = f(c)

Substitute ¢ for x

f(x) is Continuous at ¢

Theorem 1.1 - Some Basic Limits

Let b and c¢ be real numbers and let n be a positive integer

1. imb=b

2. imx=c

X =C

3. limx"=c"

X =>C




Example 1 - Evaluating Basic Limits

a. lim 3=

X=>2

b. limx =

X=>-4

c. limx%=

X=>2




Theorem 1.2 Properties of Limits




Example 2 - The Limit of a Polynomial

lim (4x° + 3) =

X—2

Direct Substitution is valid for all polynomial and rational functions with a nonzero denominator



Theorem 1.3 - Limits of Polynomial and Rational Functions

If p is a polynomial function and c¢ is a real number, then

lim p(x) = p(c)

X—C

If r is arational function given by r(x) = p(x) /q(x) and
¢ is areal number s.t. q(c) = 0, then

lim r(x) =r(c) = ﬁ%




Example 3 - The Limit of a Rational Function
Find the limit:

lim X+ x+2
x+1

x 1




Theorem 1.4 - The Limit of a Function Involving a Radical

Let n be a positive integer.
The following limit is valid for all ¢ if nis odd,
and is valid for ¢ > 0 if nis even

lim+{x =4c

X—C




Theorem 1.5 - The Limit of a Composite Function

If f and g are functions s.t.

limg(x) =L lim f(x) = f(L)
xX—L

X—=C

then

lim f(g(x)) = f(lim g(x)) = f(L)

Example 4 -The Limit of a Composite Function

a.) Because lim (x* +4 ) = and lim /x =

x-+0 x4

it follows that |im\x? + 4 =
x=-0

b

b.) Because lim(2x*-10)=__ "_fg Ix =

x=—>3

it follows that lim \?/2){2 -10 =
x—3 -



Theorem 1.6 - Limits of Trig Functions

Let ¢ be areal number in the domain of the given trig function.

1. limsinx=sinc
X=>C

2. limcosx=cosc
X—C

3. limtanx=tanc
X—C

4. limcotx=cotc
X—>C

5. limsecx=secc
X —C

6. limecscx=cscc
X—C

D
Example 5 - Limits of Trig Functions

a.) limtanx=
x—0

b.) lim (x cos x )=

X—1T

c.) limsin’x =
x—0
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Theorem 1.7 - Finding the Limit of a Function

Let ¢ be areal number and let f(x) =g(x) forall x = cin
an open interval containing c.

If the limit of g(x) as x approaches c exists, then the
limit of f(x) also exists and

lim f(x) = lim g(x)

— —

Example 6 - Finding the Limit of a Function 3y“
- - - 3
Find the limit lim X .- 1
X—1 x-1 2
1
2 -1 1 2
yAL
3
2
1
2 -1 1 2
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A Strategy for Finding Limits

1. Learn to recognize which limits can be evaluated by direct
substitution.

2. If the limit of f(x) as x approaches c cannot be evaluated by direct
substitution, try to find a function g that agrees with f for all x other
than x = c.

3. Apply Theorem 1.7 to conclude analytically
lim f(x) = lim g(x) = g(c)

X—C X—>C

4. Use a graph of a table to reinforce your conclusion.
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Dividing Out and Rationalizing Technigues

Example 7 - Dividing Out Technique

Find the Limit X2 + X 6
x+3

lim

x—=3

XU
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—— |Indeterminate Form

QIO

you cannot determine the limit from this form alone

If you encounter this form when you try to evaluate a limit -
you must rewrite the fraction so that the new fraction does not
have 0 as its limit
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Example 8 - Rationalizing Technique

Find the limit

lim x> 1 -1
X

x—0

x |-.25|-.1|-.01]-.001| 0 |.001|.01|.1 |.25

fof | | | I [ | |
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Theorem 1.8 - The Squeeze Theorem

If h(x) <f(x) for all x on an open interval c,
except possibly at c itself, and if

lim h(x) =L =lim g(x)

X—C X—C

then lim f(x) exists and is equal to L

X—C

Theorem 1.9 - Two Special Trig Limits

1. lim S2X =1

x->0

liml-cosx = ¢
x-0 X
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Example 9 - A Limit Involving a Trig Function
Find the Limit

lim tan x
x—0 X
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Example 10 - A Limit Involving a Trig Function
Find the Limit

lim sin 4x

x —0 X
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