Ch. 10 Simple Harmonic Motion 

Many objects vibrate or oscillate (guitar strings, tuning forks, pendulums, atoms within a molecule or crystal, waves in water, etc.).  An understanding of simple harmonic motion will lead to an understanding of wave motion in general.

Simple harmonic motion

· Simple harmonic motion (SHM) is repetitive motion that obey’s Hooke’s law.  Two common types of SHM often studied in physics are an oscillating mass on a spring and a swinging simple pendulum.
· Hooke’s law states that the force required to stretch or compress a spring is directly proportional to its displacement Fs ( x.  The constant that makes this proportionality into an equation is k which is known as the spring constant and has the units of N/m.  The spring constant indicates the stiffness of the spring.  The stiffer the spring the larger the value of k. 
Fs = -kx

x = displacement from equilibrium position;
k = spring constant; - indicates direction
The minus sign indicates that the force acts in the direction opposite the displacement.  That is why the force is called a linear restoring force since it attempts to restore the springs original configuration.

For real springs Hooke’s law is valid for small displacements; that is, when the coils of the spring are not compressed too close together and the spring is not stretched beyond its elastic limit. For problems in this course the springs will be considered ideal springs.  An ideal spring is a theoretical spring that cannot be compressed or stretched too far.

· The following diagram illustrates the main concepts related to simple harmonic motion.
· [image: image1.emf]Stretch the spring a distance x = A (amplitude) and release; mass accelerates as Fs pulls the mass to the equilibrium positon (x = 0).  Force and acceleration are a maximum at the amplitude and velocity is zero.
· The mass moves back toward the equilibrium position with decreasing acceleration and increasing speed.
· At x = 0, Fs and acceleration are zero, but the speed of the mass is a maximum. 
· As the mass moves past the equilibrium postion, an increasing Fs  acts to slow the mass as it moves to the left, stopping momentarily at x = -A, and then reversing directions. 

· Motion is repeated symetrically between x = A and x = -A;  if there are no nonconservative forces present, mechanical energy would be conserved and the motion would never stop.

· When an object is moving with SHM, its acceleration is a function of location.
1. F=-kx
2. ma=-kx
3. a=-(k/m)x
· Since the acceleration is not constant, conservation of energy is used to analyze the motion of a mass spring system

Key Terms

· Amplitude – (A) maximum displacement

· Period – (T) time to complete one cycle

· Frequency – (f) cycles per second; unit is Hertz 
            1 Hertz = 1 cycle/ second; 1 Hz = 1 sec –1 
· Period and frequency are inversely related.

             T = 1/f     or      f = 1/T
· A graph of the force of a spring vs. its displacement from the equilibrium position is shown below.  
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· From the graph above you should notice that the FORCE involved is not constant, but varies with position; therefore, the accleration is not constant either.  You cannot use the constant acceleration equations (big 3). You must use conservation of energy to determine velocity at various positions.  
· [image: image7.emf]Elastic Potential Energy is the amount of energy stored in a compressed or stretched spring which must also equal the work required to stretch or compress spring in the first place.  To determine work you can either find the area under the curve of a force displacement graph or use the average force and the equation for work, as shown in the box to the right. 
Us=1/2 kx2
Us = Elastic Potential Energy
For an oscillating mass, the potential energy is a maximum at the amplitudes and the kinetic energy is a maximum at the equilibrium position.  The graphs below show the energies as a function of displacement.
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· The period, T, of a vibratingmass spring system depends on m & k but NOT, strange as it may seem, AMPLITUDE.  This is due to the fact that the force increases proportionally to increases in amplitude causing the mass to initally accelerate faster.  Therefore, the object has a greater average speed  and is able to travel a greater distance in the same amount of time.
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· As m increases T increases.  This can be explained using Newton’s 2nd law which shows that acceleration is inversely proportional to mass.  As mass increases, acceleration decreases, thereby increasing the time required to travel the same distance.  Note that mass must quadruple to double T since it is a squared relationship.

· As k increases (stiffer spring) T decreases.  This can also be explained using Newton’s 2nd law which shows that acceleration is directly proportional to net force.  As k increases, the net force increases, and therefore a increases allowing the object to travel the same distance in a shorter time.  Note the squared relationship as with mass.
· Example 1: An ideal spring hanging vertically stretches an additional 4.0 cm when a 2.0 kg mass is attached to the bottom of the spring and gently lowered to the new equilibrium position.
a. Determine the spring constant for the spring.

The spring is now placed on a horizontal frictionless surface with one end of the spring fixed to the wall and the other end fastened to the 2.0 kg mass.  

b. The 2.0 kg mass is pulled parallel to the spring stretching the spring 0.10 m.  Calculate the amount of work required.
The mass is released.

c. Calculate the maximum speed of the mass.

d. The frequency of the resulting oscillations.

The amplitude of the oscillation is now increased:

e. State whether the period of the oscillation increases, decreases, or remains the same. Justify your answer.

Simple Pendulums

· The motion of a simple pendulum at small angles resembles simple harmonic motion. The restoring force is the component of weight tangent to the arc, F=-mg sin(.  Although the restoring force is not directly proportional to the displacement and therefore the motion is not truly simple harmonic, for angles less than 15o the difference is less than 1 percent and is approximately simple harmonic.  The table below relates the motion of a simple pendulum to an oscillating mass on a spring.
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· The period, T, of a simple pendulum depends upon length and gravity. 
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· As l increases T increases.  Look at the figure to the right.  When the length of on pendulum is increased, the distance that the pendulum travels to equilibrium is also increased.  Because the accelerations of the two pendulum are equal at equal angles, the longer pendulum will have a longer period.
· As g increases T decreases.  This can be explained using Newton’s 2nd law which shows that acceleration is directly proportional to net force.  As g increases, the net force increases, and therefore acceleration increases allowing the object to travel the same distance in a shorter time.  
Example 2:  A simple pendulum consists of a bob of mass 1.50 kg attached to a string of length 1.25 m.  The pendulum is held at an angle of 15.0o from the vertical by a light horizontal string attached to a wall, as shown below.

            





            15o

a. On the figure below, draw a free-body diagram showing and labeling the forces on the bob in the position shown above.  The lengths of the arrows should be consistent with the relative magnitudes of the forces.


b. Calculate the tension in the horizontal string.

The horizontal string is now cut close to the bob, and the pendulum swings down.

c.   Calculate the speed of the bob at its lowest position.

d. Calculate the tension in the string when the bob is at its lowest position.

e. Calculate the period of the resulting oscillations.

f. If the bob’s mass were doubled, how would the time calculated in (e) change?  Justify your answer.

Damped and Driven Harmonic Motion

· Damped harmonic motion occurs when a mechanism such as friction dissipates or reduces the energy of an oscillating system, with the result that the amplitude decreases with time.
· Simple harmonic motion is an ideal situation because the object oscillates with constant amplitude.  In reality, there is always some other energy dissipating mechanism such as friction.

· Critical damping is the minimum degree of damping that eliminates any further oscillations after the object returns to its equilibrium position (ex. shock absorbers).
· Driven harmonic motion (increases amplitude with time) occurs when an additional driving force is applied to an object along with the restoring force (energy is added).  Pumping a swing is an example.
· Resonance occurs when the frequency of the driving force matches a frequency at which the object naturally vibrates.  We will cover resonance in more detail when we cover waves.
Note that the slope of the graph will give the value for the spring constant k.  The area under the curve gives the value for the work which must also equal the potential energy Us.














W=Fd


W=Fx   and   F=1/2kx (average force)	


W=1/2kx2  and   W=Us=1/2 kx2
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