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his painting, Open Book by Paul Klee,
incorporates geometric shapes and relationships.




(GETTING STARTED

Objectives

After studving this section, vou will be able to
® Recognize points

® Recognize lines

® Recognize line segments

& Recognize rays

® Recognize angles

= Recognize triangles

Part One: Introduction

Points

In the diagram at the right, five peints are <A .B
represented by five dots, The names of the

points are A, B, C, D, and E. (We use capital -C - E
letters 10 name points.) .D

Lines

The diagram below represents three lines. Lines are made up of
points and are straight. The arrows on the ends of the figures show
that the lines extend infinitelv far in both directions.

All lines are straight and extend infinitely far in both directions.
£ f

In'
j F
s The line on the left is called line m.
= Since we can name a line in terms of any two points on it, the line
in the middle can be called by a variety of names.
— A L S L i LRl
BD EBC . CO CB BB DC
s The line on the right can be called by any of three names.
¥ =y
linef€ EF FE
In algebra you learned that a pumber line is formed when a
numerical value is assigned to each point on a line.
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The coordinate of A is —2. The coordinate of B is i%.

Line Segments

The following diagram represents several line segments, or simply
segmenis. Like lines, segments are made up of points and are
straight. A segment, however, has a definite beginning and end.

A segment is named in terms of its two endpoints

® The segment on the left can be called either RS or SR.

® In the middle figure there are two segments. The vertical (up-and-
down) segment can be called either PX or XP. The horizontal
(crosswise) segment can also be named in two ways. Can you
name these two ways?

® How might we name the segment whose endpoints have coordi-
nates 3 and 0 in the figure on the right?

Rays

In the diagram below, three rays are represented. Rays, like lines
and segments, are made up of points and are straight. A ray differs
from a line or a segment in that it begins at an endpoint and then
extends infinitely far in only one direction.

- B E D C
A 1 A

When we name a ray, we mus! name the endpoint first so that it is
clear where the ray begins.

-

® The ray on the left is called AB. _, _

= The ray in the middle can be called CD or CE. [As long as the
endpoint is given first, any other point on the ray can be used in
its name.)

® The ray on the right can be named in only one way, Do vou know
what its name is?

¥
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Angles
Two rays that have the same endpoint form an angle.

Definition An angle is made up of two rays with a common
endpoint. This point is called the vertex of the angle.
The rays are called sides of the angle.

w0 D0 R
LR,

® In the diagram above, the angle on the left is called 23. The 3
placed inside the angle near the vertex names it.
® The second angle in the diagram can be called by any of three
names.
LBAC LCAB £A

(Motice that when we use three letters, the vertex must be
named in the middle.)
® The third angle is called £D.
= In the last figure above, there are three angles. Can you tell which
angle is 207 Because names might refer to mare than one angle in
a diagram, we never name an angle in a way that could result in
confusion,
£1 can also be called £POY or £LYOP.,
£2 can also be called £YOR, £YOX, £ROY, or £XOY.

The other angle in this figure can be named £POR. See if you
can find three other names for this angle.

Triangles
We shall call the following figure triangle ABC (AABC).
A
B C

A triangle has three segments as its sides. You may wonder whether
we can talk about an £B in the triangle, since there are no arrows
in the diagram. The answer is yes. We shall often talk aboul rays,
lines, and angles in a diagram of a triangle. So a triangle not only

Section 1.1
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has three sides but has three angles as well. Can vou name the angle
at the top of the triangle shown on the preceding page in three
ways?
The triangle is the union (U) of three segments.
AABC = AB U BC U AC
The intersection (N) of any two sides is a vertex of the triangle.

ABNnBC =18

Part Two: Sample Problems

Problem 1 A E

D E
a How many lines are shown? (Imagine that there are arrows in the
diagram.)
Name these lines.

i e
Where do AE and DE intersect? |
Where does AC ml.emﬂﬂt BCT‘ [.H.C
What is the union of Eﬁ and BD? (B

.
BC

:I'
=

= H ]
— o

UBD=_L ]

::-l

Answers

—h % 5

., BE, EB, or ﬁ;

T AR, -

., CA, or CB

2!
=1

17 &lg "~
|

e m,
—
. BA,

v

!
!

>

B

%

d AC [Remember sets? If P and Q are two sets of points, then
P N Q= {all points in P and in Q}.)
e LABD (P U Q = {all points in P or in Q or in both}.)

Problem 2 A B £

.
-

a Name the ray that has endpoint A and goes in the direction of C.
b Name the segment joining A and B.

—ly —
Answers a8 AB or AC
b AB or BA

Problem 3 DEW a i:;ﬂgmm in which the intersection of AB with CA is AC
(AB N CA = AT).
Solution A C B
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Problem 4 Draw a diogram in which AABC N DE = F.

Solution A :

D

B C

There are other correct answers, and a lot of wrong ones.

Part Three: Problem Sets
Problem Set A

In the back of the book, vou will find answers to many of the
problems. It will help vou learn to check your answer in the back
after you solve a problem. Then rethink your work if necessary.

1 What are three possible names for the _ A £ B
line shown?

A
L

2 What are four possible names for the

angle shown? . =
s
3 Can the ray shown be called XY? Y X 5
4 Name the sides of ARST, R
5 T
5a ABNBC =_1
— e P
b EE UEA=__ D C
¢ ACNDB=_2 ¢
d DCNAB=_"2
s —
e ACNEC=_1
—  — a AL B
f BAUBC =
g ECUCBUBE=_"_
6 a Name 2OPR in all other possible T 5
ways.
b What is the vertex of £TOS? )
¢ How many angles have vertex R?
d Name £TSP in all other possible ways.
e How many triangles are there in the figure? P R
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Problem Set A, continued

7 Figure 1 shows the reflection of the letter Figure 1 Figure 2
F over a line. Copy Figure 2 and draw A M
the reflections of the letters P, A, and | F

over the given line.

Fla A

8 a A line is made up of _?__.

b An angle is the union of two

? v ?
! with a common —

9 Draw a number line and label points F, G, H, and | with the
coordinates —-l%, 2, 5, and 3.5 respectively. One of these points is
the midpeint (the halfway point) between two others. Which is it?

10 Given a rectangle with sides 2.5 cm and B.6 cm
8.6 cm long, find

@ The rectangle's area

b The rectangle's perimeter (the distance
around it)

2.5¢cm

Problem Set B

11 a In AHJK, H] is twice as long as JK and H

exactly as long as HK. If the length of
H] is 15, find the perimeter of (the
distance around) AHJK,

b If the length of H] were 4x, the length
of HK were 3x, the length of JK were
2x, and the perimeter of AHJK were
63, what would the length of Hj be?

12 Draw a diagram in which AB n CD = CB.

Problem Set C

13 Draw a diagram in which the intersection of ZAEF and £DPC is
ED.

E ¥
14 a What percentage of the triangles in the
diagram have CT as a side?
b What percentage have AC as a side? X C

Chapter 1 Introduction to Geomelry



MEASUREMENT OF SEGMENTS
AND ANGLES

Objectives

After studying this section, you will be able to
s Measure segments

s Measure angles

# Classify angles by size

» Name the parts of a degree

s Recognize congruent angles and segments

Eﬂ One: Introduction

Measuring Segments

We measure segments by using such instruments as rulers or
metersticks. We may use any convenient length as a unit of measure.
Some of the units that are currently in common use are inches, feet,
vards, millimeters, centimeters, and meters. To indicale the measure
of AB, we write AB.

A

r—

C D
On the ruler shown, find the length of AB in inches and the length
of CD in centimeters, On the number line, find PQ.

Measuring Angles

Angles are commonly measured by means of a protractor. (The
diagram at the top of the next page shows how a protractor can be
used to measure a 117° angle.) We shall measure angles [£s) in
degrees (°). In later courses, you may use other units, such as radi-
ans or grads.

The measure. or size, of an angle is the amount of turning you
would do if you were at the vertex, looking along one side, and then
turned to look along the other side. (A surveyor's transit works in
much the same way.)

Section 1.2 Measurement of Segments and Angles | 9
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Surveyor's
Transit

w

If you turned all the way around (to face your starting direction),
you would turn 360°. You can use this fact 1o estimate the size of an
angle.

P
A R
—y
E appears to have been turned one fourth of the way around from

AR, so vou might guess that £A is approximately a 90° angle.

1

e
-

Angle 1 required less than a quarter turn. A good guess would be
that it is a 60° angle.

5]

C

Angle BOC required more than a quarter turn, so its size could be
estimated at 130°.

Some math courses deal with negative angles, zero angles, and
angles greater than 180° In this course, you will usually be working
with angles greater than 0° and less than or equal to 180°,

0 < angle measure = 180

Chapter 1 Introduction to Geometry



Classifyving Angles by Size
As shown below, we classify angles into four categories according to
their measures.

Acute Right Obtuse | Straight
Angles Angles Angles J Angles
. & 3

s

Definitions An acufe angle is an angle whose measure is greater
than 0 and less than 90.

A right angle is an angle whose measure is 90.

An obtuse angle is an angle whose measure is
greater than 90 and less than 180.

A straight angle is an angle whose measure is 180.
{As you can see, a straight angle forms a straight
ling.)

Parts of a Degree

As you know, each hour of the day is divided into 60 minutes, and
each minute is divided into 60 seconds. Similarly, each degree (%) of
an angle is divided into 60 minutes ('), and each minute of an angle
is divided into 60 seconds ().

60" = 1° (60 minutes equals 1 degree,)

60" = 1" (60 seconds equals 1 minute.)

Thus, 873° = 87°30’
60.4° = 60"24'

90° = 89°60" (since 60' = 19)
180° = 179°59'60" (since 60" = 1' and 60" = 1)

Section 1.2 Measurement of Segments and Angles | 11



12

Study the following examples closely.

Example 1 Change 41%‘ to degrees and minutes.
Since there are 60" in 1°, %‘ is g{ﬁD] minules, or 24’
Hence, 41%° = 41°24".

Example 2 Given: ZABC is a right angle.

£ABD = 67°21'37" A
Find: £DBC 2=
Subtract 67°21'37" from 90° as follows.
B9°59'60" (90° = BY®59'60") B T
—B7°21"37"
22°38'23"

Example 3 Change 60°45" to degrees.

We must change 45" to a fractional part of a degree. Since 60’
45 is divided by 60, and the fraction is reduced.

45 _3 ' = godo
a0 a So 60°45" = ﬁﬂ'l‘ i
Congruent Angles and Segments

In the diagram below, £s A, B, and C are congruent. We write
LA= 2Py "

VAR

Definition Congruent (=) angles are angles that have the same
measure,

C

In a similar way, segments can be congruent.

Definition Congruent (=) segmenis are segments that have the
same length,
D E =
A 3 eEnlimslens B 3 Fai Crn
C F

In the diagram above, segments AB, CD, and EF are congruent. We
write AB = CD = EF,

Often, we use identical tick marks to indicate congruent angles
and segments, In the following diagram, the identical tick marks

Chapter 1 Introduction to Geomeltry
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indicate that there are four pairs of congruent parts. Can you name
them?

L G/\m
H ©

;n' Two: Sample Problems

Problem 1 Classify each of the angles below as acute, right, or obluse, Then
estimate the number of degrees in the angle.

2, " ]

Answers a Acute; 40° b Obtuse; 150° e Right; 90°

Problem 2 In the diagram below, £DEG = 80°, £DEF = 50°, £ZHJM = 120°, and
ZHJK = 80°% Draw a conclusion about AFEG and £KIM.

b a
F
E G
Solution LFEG = 30° and £KJM = 30° so £AFEG = ZKJM.
Problem 3 Given: £ABC is a right angle. A
£1 = (3% + 4)°,
£2 = (x + B) .
Find: m£1 (the measure of £1) B : =>
Saolution Since £ABC is a right £, m£1 + mZ2 = 90.
(3x + 4) + (x + 6) = 90
4x 4+ 10 = 890
dx = 80
x=20

Since m£1 = 3x + 4, m£1 = 3(20) + 4. or 64.

Problem 4 LB is acute. *.
8 What are the restrictions on m<£B?
b What are the restrictions on x?

i2x + 14"

Section 1.2 Measurement of Segments and Angles
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Solution a Since #B is acute, mZ2B > 0 and
msB < 80 (0 <= mLB << 90),

b2x+14>0 and 2x + 14 < 90
2x>-—14 and 2x <75
x>-=7 and X =< 38

Thus, —7 < x < 38.

Problem 5 Find the angle formed by the hands of a clock at each time.

a 4:00 b 5:15
Solution a Since 360° is divided into 12 inter- b Remember that the hour hand is
vals on a clock, each interval is 30° on 5 only when the minute hand
From 12 to 4 there are 4 intervals, so is on 12, At 5:15 the hour hand is
the angle is 4{30°). or 120° one fourth of the way from 5 to 6.

Since %{30"} = ?%ﬁ the hands form
an angle of 60 + 73, or 675 de-
grees.

LRE g
13

(=]

| Part Thiva: Problers Sets

Problem Set A
1 Change each of the following to degrees and minutes.
a 61 b 71.7°

2 Change each of the following to degrees.
a 132°30' b 19°45'

3 Which two of the angles below appear to be congruent?

_/ﬁ>

IIIQUI"ITS- 1 b T
tWPU's-"R— 5
d SQL.ISR—
¢ How many un,glas have vertex Q7 Q R

14 | Chapter 1 Introduction to Geometry
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5 a Evaluate 49%32'55" + 37°27'15",
b Evaluate 123°15" — 40°26",

6 There is a right angle at each corner of PRST. (Later T 5

in the course you will learn that PRST is a rectangle.) 0

a If £ATPO = 60°, how large is LRPO?
b If £PTO = 70° how large is £5TO?
¢ If £TOP = 5(F, how large is #POR?

d Classify £TOS as acute, right, or
obtuse,

7 a Which angle appears to have the same
measura as £17

b Which angle appears larger, £2 or 237

¢ Does £3 appear to be congruent to 24
or to L57

8 If 2CBD = £DBE, find m£A.

§ Find the measure of the angle formed by the hands of a clock at

each time.
a8 3:00 b 4:30

10 a Find PQ.
b If R's coordinate is 7, why is PQ = QR?

¢ What must the coordinate of R be _1!
order for 0 o be the midpoint of PR?

11 Given: ZCAR is a right angle.
msCAT = 37°66'10"

Find: m£RAT

Problem Set B

12 a How many triangles (&) are in the

diagram?

b How many angles (£s) in the figure
appear to be right?

¢ How many angles in the figure appear
to be acute?

d How many angles in the figure appear
to be obtuse?

e Name the straight angles in the figure.

Section 1.2
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A
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Problem Set B, continued

13 The perimeter of (the distance around)
ABCD is 66, and DC is twice as long as
CB. How long is AB?

14 Given: X5 = VT, V5 = XT,
XT = 2r + 5,
XS=3m+ 7,

YS = air + 2,

YT =42m + 5
Solve for r and m.

16 Given: £1 = 2,
mil = x + 14,
mLzZ =y — 13
Solve for y in terms of x.

16 If £POA is a right angle and if #POC is
three times as large as £COA, find
m£POC.

17 4P is acule.
a What are the restrictions on m<P?
b What are the restrictions on x?

18 The hand is at 12 on the clock.

a If the hand were rotated 90° clockwise,
at what number would it point?

b If the hand were rotated 150° clock-
wize and then 30° counterclackwise, at
what number would it point?

Problem Set C
18 £ABC and 2£CBD have the same measure.
If LABC = (% + 2)° and £CBD = (2x - 293",

is ZABD a straight angle?

20 Change 15%" to degrees. minutes, and seconds.

Chapter 1 Introduction to Geometry
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21 Given: £ TRS is a straight angle. A
£ TRX is a right angle.
msTRS = 2x + 5y,
mLXRS = 3x + 3y
Salve for x and y. T R 5

22 Maxie and Minnie were taking a stroll in the Arizona desert
when a spaceship from Mars landed. A Martian walked up to
them and pointed to Figure 1. “XLr8r, XLr8r, XLr8r plus YBcaws,
YBcaws,” she said. Pointing to Figure 2, she said, "YBcaws plus
XLr8r, XLr8r, XLr8r." What might XLr8r mean?

» AN
i i

/

.

Figuel |3 o Figure 2 ;L‘,.

I 23 Change 72°22'30" lo degrees.

MATHEMATICAL EXCURSION

(GEOMETRY IN NATURE

Orange sections and spiraling leaves

It you cut a cross section of an orange, you for rose leaves. Sup-
will see that it is divided Into sections that pose you draw a series
together form a 360° angle. The mathematician of 144° angles with a
Johannes Kepler (1571-1630) thought that all protractor, using one
fruits and flowers that grew on trees had five of the sides of the
sections or petals. You can see that this isn't last angle you drew
true, but the sections of an orange do appear to for aach new angle
be the same size and shape. 1447 and proceading in a

Flower petals, and leaves on stems grow in a clockwise direction.
spiral pattern and form angles of consistent sizes. You will see that the

Phyllotaxis is tha distribution of leaves angles eventually di-
around the stem of a plant. The maasure of the vide a circle into five
angle formed by any two leaves in succession on equal parts.

a stem Is aqual to the measure of the angle Botanists say that these angles exist be-
between any two other leaves in succession. causa each bud grows where it will have the

The most common angles seem to be most room between the bud before it and the
144° and 135°. A 144° angle is characteristic one that will come after it.

Section 1.2 Measurement of Segments and Angles 17
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COLLINEARITY, BETWEENNESS.
AND ASSUMPTIONS

Objectives

After studving this section, vou will be able to

® Recognize collinear and noncollinear points

® Recognize when a point can be said to be between two others

® Recognize that each side of a triangle is shorter than the sum of
the other two sides

® Correctly interpret geometric diagrams

Part One: Introduction

Collinearity
It is often useful to know that a group of points lie on the same line.

Betweenness of Points
In order for us to say that a point is between two other points, all
three of the points must be collinear. -

T R X*
A N

T is between A and R We do not say O is between X and Y

Chapter 1 Introduction to Geometry

Definition Points that lie on the same line are called collinear.
Points that do not lie on the same line are called
nancollinear.
A N
8 D
C E . = F
COLLINEAR POINTS NON-COLLINEAR POINTS
In the diagram at the right, R, S, and T are collinear points. P, O, M
and X are also collinear. M, O, X, and Y are noncollinear,
“ XY
R S



Triangle Inequality 5+ C

For any three points, there are only two possibilities: ; Al
1 They are collinear. (One point is between F) 3 /
the other two. Two of the distances add A Yt

2 They are noncollinear. (The three points
determine a triangle.)

up to the third.) '::::/f/
it/

Notice that in the triangle, 14 + 11 > 24. S
This is an example of an important charac- ~24
teristic of triangles: The sum of the lengths of J,fx /
any two sides of a triangle is olways greater A -
than the length of the third.

Assumptions from Diagrams
You may wonder what vou should and should not assume when you
look at a diagram. The chart below gives the general rules you
should follow as vou work with this book. (There are, however,
occasional exceptions, as in Section 1.2, problem 19))
How to Interpret a Diagram
You Should Assume You Should Not Assume
Straight lines and angles Right angles
Collinearity of points Congruent segments
Betweenness of points Congruent angles
Relative positions of points Relative sizes of segments
and angles
The following example will help you understand what assumptions
can be made.
Example Given: Diagram as shown 8
Question: What should we assume?
< D
A ‘\I
The following are some of the many valid interpretations.
£
Do Assumf_r’ Do Not Assume
ACD and BCE are straight lines. £BAC is a right £,
£BCE is a straight angle. CD = DE
C, D, and E are noncollinear. fB= LE
C is between B and E, £CDE is an abtuse angle,
E is to the right of A. BC is longer than CE.

Reread and study the chart and the example carefully, for it is
important that you know what to assume from a diagram.

Section 1.3 Collinearity, Belweenness, and Assumptions | 19



Ert Two: Sample Problems

Problem 1 For each diagram, tell whether X is between P and R. (Answer Yes or No.)
aP 4 R
« B
h P R

= P

c O >
Answers a8 Yas b No c No
Problem 2 Draw a diogram in which A, B, and C are collinear, A, D, and E are

collinear, and B, C, and D are noncollinear,

Solution The diagram at the right shows one of
the possible solutions,

Problem 3 8 Should we assume that 5. T, and V R
are collinear in the dingram?

b Should we assume that 25 = 90°7

Answers a Yes
b No

Part Three: Problem Sets

Problem Set A
1 Find m<£ABC (the measure of £ABC).

2 Draw a diagram showing four points, no three of which are
collinear.

20 Chapter 1 Introduction to Geometry




a Name all points collinear with E and F.
b Are G, E, and D collinear? Are F and C collinear?
¢ Which two segments do the tick marks indicate are congruent?
d Is £A=.2D7
e ls LF = LABF?
-~ =
f Where do AC and FE intersect?
g AGNGF=_1
hACUGE =1
i B lies on a ray whose endpaint is E. Name this ray in all

possible ways.
j Name all points between F and D.

G H

E F

a Should we assume that angles E, F, G, and H are right angles?
Explain vour answer.

b Should we assume that points E. F, and G are noncollinear?
Explain your answer.

Draw a number line and shade all points that are at or between
=5 and 2. Find the length of this shaded segment.

£ABC is a right angle. The ratio of the A
measures of ZABD and £DBC is 3 to 2.
Find mZABD. (Hint: Let m£ABD = 3x
and m£DBC = 2x,)

B

W

s

Explain how the sum of two acute angles could be
a8 Acute b Obtuse ¢ Right

a Change 124;“ to degrees and minutes.
b Change 84°50" to degrees.

Section 1.3 Collinearity, Betweenness, and Assumpiions
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Problem Set A, continued

9 £ABD = (3x)
£DBC = x°

Find: m£ABD

M

W

Problem Set B

10 A, K, O, and Y are collinear points. K is between O and A, the
length of AD added to the length of AY is equal to the length of
OY (OA + AY = OY), and A is to the right of O. Draw a diagram
that correctly represents this information,

11 Draw a diagram in which F is between A and E, F is also
between R and S. and A, E, R, and S are noncollinear.

12 If AB = 16, BC = 8, and AC = 24, which point is between the
other two?

13 a AC must be smaller than what 8
number? é

b AC must be larger than what number?

(¥=]

14 Q is between P and R on a number line. P = —8, and R = 4.
8 What do we know about the coordinate of Q7
b What do we know about the length PO + QR?

Problem Set C

15 Given: ms1 = 2x + 40,
msi2 = 2y + 40,
mLd = X + 2y

Find: m£1, m£2, and m23 = \

16 When Brock Clock was asked what time it was, he said, “Well,
the minute hand is pointing directly at one of the twelve num-
bers on the clock, the hour hand is pointing toward a spot whose
nearest number is at least five greater than the number the
minute hand is pointing toward, the angle formed by the hands
is acute, the sun is shining in the east, and it is not five minutes
past the hour.” Wow! What time was it?

17 To the nearest second, what is the first time after 12:00 that the
hour hand and the minute hand of a clock are logether?

Chapter 1 Introduction to Geometry



BEGINNING PROOFS

Objective
After studying this section, you will be able to
= Write simple two-column proofs

Part One: Introduction

Much of the enjoyment and challenge of geometry is found in
“proving things." In this section, we shall give examples of wo-
column proofs. The two-column proof is the major type of proof you
will use as you study this book.

We shall also introduce our first theorems.

Definition A theorem is a mathematical stalement that can be
proved.

This section also illustrates a procedure that we shall use nu-
merous times in this textbook:

Theorem Procedure

1 We present a theorem or theorems.
2 We prove the theorem(s).

Note Although all thearems presented can be proved, we
shall omit the proofs of certain theorems.

3 We use the theorems to help prove sample problems.

4 You are then given the challenge of using the theorems to
prove homework problems, Theorems will save yvou much
time if you learn them and then use them.

We now present our first two theorems.

Section 1.4 Beginning Proofs
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Theorem 1 If two angles are right angles, then they are
congruent.

Given: £A is a right £.
£B is a right £.

Prove, LA = 2B

B
A
Proof;
Statements Reasons

1 £A is a right angle. 1 Given

2 mLA =90 2 If an angle is a right angle, then its
measure is 90,

3 £B is a right angle. 3 Given

4 miB = 90 4 Same as 2

5 LA=/B 5 If two angles have the same measure,
then thev are congruent, (See steps 2
and 4.)

Theorem 2 If two angles are straight angles, then they are

congruent.
Given: ZABC is a straight angle. A B C .

£DEF is a straight angle.
Prove: £LABC = ADEF

= B E B
Proaf:
Statements Heasons

1 £ABC is a straight angle. 1 Given

2 mZABC = 180 2 If an angle is a straight angle,
then its measure is 180.

3 -DEF is a straight angle. 1 Given

4 m<DEF = 180 4 Same as 2

5 LABC = ADEF 5 If two angles have the same
measure, then they are
congruent. [(See steps 2 and 4.)

Now that we have presented and proved two theorems, we are
ready to use them to help prove some sample problems.

We will use the theorems themselves as reasons in our proofs.
You should also use the theorems as reasons in your homework
problems.

Remember, the purpose of a theorem is to shorten your waork.
Therefore, when doing homework problems, do not use the proofs of
theorems as a guide. Use the sample problems as a guide.
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Part Two: Sample Problems
Problem 1 Given: LA is a right angle. D C
£C is a right angle.
Conclusion; £A = £C
) B
Proof Statements Reasons
1 £A is a right angle. 1 Given
2 £C is a right angle. 2 Given
3 LA=LE 3 If two angles are right angles, then
they are congruent.
You probably recognize that reason 3 is Theorem 1. Although it may
seem easier merely to write “Theorem 1,” do not do so! Eventually,
such a shortcut would make it harder for you to learn the concepts
of geometry,
Prohlem 2 Given: Diagram as shown E
Conclusion: £ EFG = £HF] />F<//
H G
E -\_\-‘1-.:_
Proof Statements Reasons
1 Diagram as shown 1 Given
2 AEFG is a straight angle. 2 Assumed from diagram
3 £HF] is a straight angle. 3 Assumed from diagram
4 LEFG = ~HF] 4 If two angles are straight angles,
then they are congruent.
Problem 3 Given: ZRST = 50°, M
LTSV = 40™
£X is a right angle.
Prove: £RSV & £ X . =
Proof Statements Reasons
1 ZRST = 50° 1 Given
2 LTSV = 4@ 2 Given
3 LRSV = 9@ 3 Addition (507 + 40° = 90°)
4 £R5V is‘a right angle. 4 1f an angle is a 90° angle, it is a right
angle.
5 £X is a right angle. 5 Given
6 LRSV = £ X 6 If two angles are right angles, then
they are congruent.
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Part Three: Problem Sets
Problem Set A

In problems 1 and 2, copy the figure and the incomplete proof.
Then complete the proof by filling in the missing reasons.

1 Given: £1 is a right 2. 3 -
£2is a right 2. 1
Prove: £1 = £2
L 2 ,

Statements Reasons
1 £1 is a right angle. 1
2 £2is a right angle. 2
3 L] =L2 3

2 Given: Diagram as shown
Prove: £AGD = £EGB

Statements
1 Diagram as shown 1
2 LAGD is a straight angle. 2
3 LEGB is a straight angle. 3
4 SAGD = £EGB 4

In problems 3-7, use the two-column form of proof.

3 Given: £A is a right angle. A D
£B is a right angle.

Prove: LA = £B

4 Given: 2CDE = 110°,
£FCH = 110°

Conclusion: £CDE = £FGH C H

b Given: JK = 25 cm, NO = 2.5 cm K

N
Conclusion: JK = NO L T S

6 Given: Diagram as shown i
Prove: ZAPR = £5PB T
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T Given: £1 = 20°,
L2 = 40°,
£3 = 30°

Prove: £XYZ is a right angle.

B Draw the figure ABCDEF. . B c
a Draw its reflection over ﬂ D
b Draw its reflection over AB. E
e Draw a 90° clockwise rotation of the
figure about B, Ab——F

8 Find the angle formed by the hands of a clock at 11:40.

10 The square has a perimeter of 42.
a Solve for x.

b If the perimeter were greater than 42, whal
would we know about the value of x7

Problem Set B

11 Given: LABD = 107, X
LABC = 1007

ZEFY = 70°20,

LXFY = 19740’ [ E

Prove: #DBC = # XFE B )

12 Point P has a coordinate of 7 on a number line. If you “slide" P
15 units in the negative direction, what are the coordinates of the
resulting point P'?

13 a Draw a number line, labeling points A = (= 1) and B = (5).
Then label point A’, the reflection of A over B.

b Does AB = BA'Y
¢ What do we know about point B?

Problem Set C

18 The measure of an obtuse angle is 5y + 45. What are the restric-
tions on y7?

16 Given: £1 = (x + 7)°, A

£2'={2x — 3)". D

LABC = (x*)°
£0 = [5x — 4]"
Show that £ABC = £D. c

Section 1.4 Beginning Proofs
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DIVISION OF SEGMENTS AND
ANGLES

Objectives

After studyving this section, vou will be able to

® [dentify midpoints and bisectors of segments

® [dentify trisection points and trisectors of segments
= [dentify angle bisectors

= [dentify angle trisectors

Part One: Introduction

Midpoints and Bisectors of Segments
We shall often work with segments that are divided in half.

Definition A point (or segment, ray. or line) that divides a seg-
ment into two congruent segments bisects the seg-
ment. The bisection point is called the midpaoint of
the segment.

X Y

.
-

M
W

X is not a midpoint ¥ is not a midpoint
Only segments have midpoints. It does nol make sense to say
that a ray or a line has a midpoint. Do you understand why?

How many midpoints does PQ have?
How many bisectors could PQ have?

P Q

Study the following examples.
ey Y-
Example 1 If XY bisects AC at B, what conclusions can we draw?
Conclusions:
B is the midpoint of AC. A c
AB = BC X

Example 2 If D is the midpoint of FE, what conclusions can we draow? }3

Ccﬁ:iusiﬂsz /f
FD = DE 8

Point D bisects FE. F D
DG bisects FE.
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Example 3 If OK = KP, what conclusions can we draw? 0] M
Conclusions: g
K is the midpoint of OP,
= ;
JM is a bisector of OP. P
Foint K bisects OP.

Trisection Points and Trisecting a Segment
A segment divided into three congruent parts is said to be trisected.

Definition Two points (or segments, rays. or lines) that divide a
segment into three congruent segments trisect the
segment. The two points at which the segment is
divided are called the trisection paints of the
sggment.

Again, only segments have trisection points; rayvs and lines do
not have trisection points.

Example 1 If AR = RS = 5C, what conclusions C
can we draw? 5
: T R
Conclusions: i
H

R and S are trisection points of AC.
AC is trisected by R and 5.

Example 2 If E and F are trisection points of DG,
what conclusions can we draw?
Conclusions:

DE = EF = FG
HE and HF are triseclars of DG,

Angle Biseclors

An angle, like a segment, can be bisected.

Definition A ray that divides an angle into two congruent angles
bisects the angle. The dividing ray is called the
hisector of the angle.

If ZABD = £DBC, then BD If ZNOP = £POR and OQ
(not DB) is the bisector of bisects £POR, then OF [not
—
£LABC. PO is the bisector of
LZNOR,and 21 = 22, N _f;
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Angle Trisectors

Two rayvs can divide an angle into three equal parts.

Definition Two ravs that divide an angle into three congruent
angles trisect the angle. The two dividing rays are
called trisectars ol the angle.

If ZABC = £CBD = £DBE, If SV and 5X are trisectors
then BC and BD trisect of £LTSY, then LTSV =
2 ABE, ZVSX = 2 XSY. T VvV X

Part Two: Sample Problems

Problem 1 The ﬁti marks indicale that £ R
RS = ST. Is S the midpoint of KT? \/T

Answer No, the points are nol collinear. 5
—_— —
Problem 2 If BD bisects £ ABC, does DB bisect A — B
LADCT
Answer Na. We need more information.
D £
- - == s - A
Problem 3 If B and C trisect AD, do EB and EC
trisect £AED? B
Answer No! It is true that AB = BC = CD, E c
but the fact that the segment has
been trisected does not mean that L
the angle has been irisected,
—
Problem 4 Given: P5 bisects #RPO. R P
Prove: ARPS = £0PS / A
M 5 ]
Proof Statements Reasons
1 PS bisects ZRPO. 1 Given
2 LRPS = £0PS 2 If a ray bisects an angle, it divides the

angle into two congruent angles,
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Problem 5

Proafl

Problem 6

Proof

Problem 7

Solution

Prohlem 8

Solution

Given: CM biseets AB (In Chapter 3 we shall C
call CM a median of the triangle.)

Conclusion: AM = MB

Stalements Reasons A M g
_N.I bisects AB 1 Given
2 AM=MB 2 If a line bisects a segment, it divides the

segment into two congruent segments.

Given: DH = HF G E
Prove: H is the midpoint of DF. M
o F
Statlements Reasons
1 DH = HF 1 Given

2 H is the midpoint of DF. 2 If a point divides a segment into
two congruent segments, it is the
midpoint of the segment.

EH is divided by F and G in the ratio 5:3:2 from left to right. If
EH = 30, find FG and name the midpoint of EH.

E F & W

According to the ratio, we can lel EF = 5x, FG = 3x, and GH = 2x.
First we draw a diagram and place the algebra on it as part of the
solution.

5 = I '

E F G H
Sx + 3x + 2x = 30
10x = 30
x=3

Thus, FG = 3(3), or 9. Since EF = 15 and FH = 15, F is the midpoint
of EH.

Given: KO bisects ZJKM.
L)KM = 41°37'
Find: m£0KM
1a1°37") = 203”183
= 2{]"431' [SII‘I{]B = 30°)
= 20°48'30" lsln{.e = 30"

Section 1.5 Division of Segments and Angles
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Ert Three: Problem Sets

Problem Set A
1 Name the congruenl segments,
a O is the midpoint of CD. b SW bisects XV.
X W vV
R S ¥
2 Naﬂf the congruent angles,
a RO bisects £ NRP. b XT and XV 5
trisect £LSXW.
R P
X
v
M 8] W
3 Name the angle bisector,
a J b mLPOK = maMOK

8 Find £XTZ if TZ bisects ZXTY and £XTY equals

a 60"
b 48°50°
€ 367°
d 85°74'
§ B and C trisect AD. A 2] C D
a Find the coordinates of B and C. -5 16
b Find AC.
6 Given: OM=x + A -
' 0 p
MP =2x — B, -
OP = 44

Is M the midpoint of OF?

1 Given: meFG] = 3x — 5,
ﬂ.f_]GH =x+ 27
G] bisects £ FGH.

Find: m£FG]
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8 B and C are trisection points of AlD, and E

AD = 12, f

a Find AB. AR

b Find AC. /| \ \\
i -

c If AB = x + 3, solve for x. 3

d If AB=x + 3and AE=3x + 6,
find AE.
e What segment is C the midpoint of?
— v
f Do EB and EC trisect ZAED?

9 Given: ZABC = 90°,
21 = (2x + 10)°,
£2 = (x + 200°,
43 = (3x)
Has £ABC been trisected?

In problems 10 and 11, reason 2 in each proof is stated incorrectly.
Supply the correct final reason for each problem.

%
10 Giwn:EPEG = LFEG :
Prove: EG bisects £ DEF, G
Statements Reasons
1 LDEG = LFEG 1 Given
2 EG bisects £DEF. 2 If a ray divides an angle into two

angles, the ray bisects the angle.
(What is the correct reason?)

11 Given: K] = HJ H
Prove: | is the midpoint of HK.
J i
K M
Statements Reasons
1 Kl =H] 1 Given

2 | is the midpoint of HK. 2 If a point is the midpoint of a
segment, it divides the segment
into two congruent segmenls.
[Whal is the correct reason?)

In problems 12-17, write a proof in two-column form.

'||"|.'
—s
| 12 Given: WS bisects ZRWP,
Prove: ZRWS = APWS
F 5

Section 1.5 Division of Segments and Angles
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Problem Set A, continued
13 Given: XY = YZ /’/,»-”_}_
Prove: Y is the midpoint of XZ. Y

14 Given: ."_EEE - {_EEC = /CED E

Conclusion: EE and EC trizect £AED, W

15 Given: 21 = /2
——w
Conclusion: HK bisects 2 FH].

16 Given: £ TXW is a right angle. % W
£TYV is a right angle.
Prove: £LTXW = £TYV
T "\
17 Given: B is the midpoint of AC. A
Prove: AB = BC
B 3]
c

Problem Set B H

18 OG and OH divide straight angle FOJ T
into three angles whose measures are in < ax\/ i >
the ratio 4:3:2, Find m+/ FOG. 2 o J

19 Given: TP bisects V8 and MR,

v
VM =ER,
MP =8, VT = B,
perimeter of MRSV = 62
M
R

Find: VM

20 PR and PS trisect ZQPT.

a If msRPS = 23°50', 5
find m2QPT.

b If meQPT = 120°48'30", :
find m2QPS. P T
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| 21 a Find the value of x. P Q R
b Is Q the midpaint of PR? - . 2x—l
Problem Set C .
", — | ;
22 Given; OP and OR trisect ZNOS. N # F'_r”
mLNOP = 3x — 4y, bW e
| mZPOR = x — v, ol . s
m/ROS = y - 10 .'/,.x" 3
Find: m£ROS o)
23 £BAC = 120°. and points D, E. and F are . D:“ -7
in the interior of 2BAC as shown, AD BN, | : £
e \
bisects £BAF. AE bisects £UAF. Find b1 III { -
. DAE. N/~ .
m | L._&
&
24 The measures of two angles are in the ratio 5:3. The measure of

the larger angle is 30 greater than half the difference of the
angles, Find the measure of each angle.

CAREERPROFILE

THE SCIENCE OF DEDUCTION

Wendell Griffen objects

Deductive reasoning, the cornerstone of
mathematical proof, is responsible for a
huge proportion of the scientific and techno-
logical achievements of the past three hun-
dred years, but it is equally important in a wide
variety of nonmathematical endeavors. Trial
lawyer Wendall Griffen believes that the ability
to use deductive reasoning is one of the most
usaful tools a trial lawyer can possess. Why?
“‘Because a trial is an exercise in reason,"”
he explains. Each side in a dispute has dif-
ferent pieces of the puzzie. “When we look
at the evidence we find riddles, and riddles
within those riddles,”’ he says. "“Who s at fault?
Which witness Is more credible? A trial lawyer's
job is to construct a model of events so that the
judge and jury can reason their way through to
a logical conclusion."

Griffen attended high school in his hometown
of Delight, Arkansas, and earned a degree in

Section 1.5

political science
- at the University
of Arkansas.
After three
years in the
army he
entered
the University
of Arkansas Law
School, recelving a law
degree in 1979. Now a partner
in the general litigation depart-
ment of a Little Rock law firm, Griffen spends
most of his time defending employees in work-
ers’ compensation cases. In his rare free mo-
ments he enjoys reading. Asked to name his
favorite fictional character, he answers without
hesitating, **Sherlock Holmes, naturallyl’
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PARAGRAPH PROOFS

Objective
After studying this section, yvou will be able to
® Write paragraph proofs

Part One: Introduction

Although most of the proofs vou will encounter this year will be in
two-column form, you also need to be familiar with paragraph
proofs. They are impaortant because the proofs in journals. more-
advanced mathematics courses, and other areas of study are usually
in paragraph form.

The sample problems that follow demonstrate how to write para-
graph proofs, as well as how to show thal a particular conclusion
cannot be proved true or can be proved false.

Part Two: Sample Problems

Problem 1  Given: £0 = 675,
£P = 6730
Prove: £0 = AP
o —
Proof Since there are 60 minutes in 1 degree, 67°30° equals E?%“.

Since £0 and £P have the same measure, they are congruent.

Problem 2 Given: Diagram shown 5 /
Prove: £DBC = LE
(2x) /"’ X o A g
T A B .

Prool According to the diagram, £ABC is a straight angle. Therefore,
2x + x =180
3x = 180

l X = B0

| Since £DBC = 60° and £ZE = 60°, the angles are congruent.
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Problem 3 Given: 21 is acule. A
£2 is acute. g
Conclusion: £1 = £2 1 / \

Proof This conclusion cannot be proved. For example, if m£1 = 20 and
ms2 = 30, they are both acute but 21 is nol congruent to £2. [An
example, like this, of a case in which a conclusion is false is called a
counterexample.)

Problem 4 Given: £D = 90 !
ZE s obluse.
Prove: £D = £E
D - E

Proof This conclusion can be proved to be false. Since £LE is obtuse, its
measure is greater than 90. Since £D and £E have different mea-
sures, they are not congruent (£D = ZE),

Err Three: Probilem Sets

Problem Set A
In problems 1-6, wrile paragraph proofs.

1 Given: £V = 119%‘. v T
LS5 = 11940°
o 5

Conclusion: £V = £5

: = F :
2 Given: Diagram shown \ :
Prove: £FEH = £]JKM e K3 = 135 .
B E H K M
3 Given: Diagram shown, £0PT = 90° V=
Prove: The measure of ZVAY is lwice that o ! _
of ZRPT. R s 18
{4n) ¥
p LR
=
4 Given: AI? = x + 4, A B ¢
BC = 2Zx,
AC = 16

Conclusion: AB = BC
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' In problems 10 and 11, write paragraph proofs.

Problem Set A, continued

5 Given: 2D is obtuse. D

£C is grealer than 90° (£C > 90°).
Conclusion: £D = £AC

6 Given: £1 is obtuse.
£2 15 acute,

Prove: £1 = £2

M

W

Problem Set B
In problems 7-9, write paragraph proofs.

7 Prove that if £1 = 22, they are both

right angles.

¥

8 Prove the following statement: “If an obtuse angle is bisected,

each of the two resulling angles is acute.”

9 Given: Fl;. bisects £BCD. ' B
LA is a right angle.
m£BCE = 45 E

Prove: £A = £BCD A v

Problem Set C

Yo

10 Given: Diagram shown;
i{:’ bisects £BAD.
AF bisects £DAF.

C

Prove; £CAE is a right angle. = A

11 Given: m£] + m£H + maJKH = 180 H

Prove: 8 m£1 = mi] + miH
b msl > mé]

Problem Set D

12 Given: m£A + m£ABC + mZACB = 180,
mLD + mADBC + mf_DCB = 180,

BD bisects £ABC, CD bisects £ACB,
Prove: msD = 90 + E[miﬁ]

{Write a paragraph proof.) B
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DEDUCTIVE STRUCTURE

Objectives

After studying this section, vou will be able to

B Recognize that geometry is based on a deductive structure

n [dentify undefined terms, postulates, and definitions

# Understand the characteristics of theorems and the ways in which
they can be used in proofs

Part One: Introduction

The Structure of Geometry

You have just spent a few dayvs writing two-column proofs and
paragraph proofs. Since vou have learned how to prove a few state-
ments, vou may be interested in knowing something about the
theory of proofs.

Geometry is based on a deductive structure—a system of
thought in which conclusions are justified by means of previously
assumed or proved statements. Every deductive structure contains
the following four elements.

® Undefined terms

= Assumptions known as postulates

® Definitions

® Theorems and other conclusions

Undefined Terms, Postulates, and Definitions
Undefined terms. postulates, and definitions form the foundation on
which the rest of a deductive structure is based. Examples of the
undefined terms you have already encountered are point and line.
Although we have not defined these terms, we have described points
and lines, so that everyone should have a fairly clear idea of what
they are.

As yet, we have not formally presented any postulates. We have,
however, used some algebraic postulates in solving problems.

Definition A postulate is an unproved assumption.

The postulates presented in this book will be preceded by the
heading Postulate.

Section 1.7 Deductive Struciura
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You have already seen a number of definitions, such as the
definitions of acute angle, right angle, obtuse angle, and straight

angle.

Definition A definition states the meaning of a term or idea.

In this book, important definitions are identified by the heading
Definition

One very important characteristic of definitions is that they are
reversible. For example, the definition of midpoint (of a segment) can
be expressed in either of two ways:

1 If a point is the midpoint of a segment, then the point divides the
segment into two congruent segments.

2 If a point divides a segment into two congruenl segments, then the
point is the midpoint of the segment.

In some problems, form 1 of the definition of midpoinl must be
used. In other problems the definition must be reversed, as in form 2
above.

Notice that this definition is stated in the form

“If p, then q"

where p and g are declarative statements. Such a sentence is called
a conditional stelement or an implication. The "if”" part of the
sentence is called the hypothesis The “then” part of the sentence is
called the conclusion “If p, then g"” can be symbolized p => q (also
read “p implies g").

The cenverse of p=> q is g = p. To wrile the converse of a
conditional (“If . . . , then . . . ") statement, you reverse parts p and
g. The converse of “If p, then q" is "'If g, then p," so forms 1 and 2
of the definition of midpoint are converses of each other.

Theorems

As vou have seen, a theorem is a mathematical stalement that can be
proved. Almaost all the theorems presented in this book will be
numbered for ease of reference. Each theorem will be preceded by a
heading such as the following:
Thearem 78

You will prove some theorems and other relationships as home-
work problems. As vou work, remember that you musl prove conclu-
sions by using conclusions previously assumed or proved. Thus, you
cannot use Theorem 1 in order lo prove Theorem 1.

Theorems and postulates are not always reversible. For example,
“If two angles are right angles, then they are congruent” is true. The
converse statement, “If two angles are congruent, then they are right
angles,” is false.
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Remember,
= Definitions are always reversible
® Theorems and postulates are not always reversible

If you are to be successful in writing proofs, you must memorize
postulates, definitions, and theorems. There is no easier way.

A complele mastery of the deductive structure of geometry is not
possible in a short time. However, we do wish to point out the most
commaon error that students make—using the converse of a state-
ment at the wrong time.

It is impaortant to pay attention to the direction of the flow of
logic in order to avoid this error. The theorem “If two angles are
right angles, then they are congruent” means that whenever we
encounter right angles, we can conclude that they are congruent.
There is a flow from right angles to congruent.

B,

wypeaat) Conditional 'f’i”l‘Dli'm.') Cutput (conclusan)
i
disart £ f2 £5are
) rt. L4, then = 2
£2isarn £ they are cangrisent

In this case, the flow works in only one direction—the converse of
the statement, “If two angles are congruent, then they are right
angles" is not true. Remember, only definitions are always reversible.
Theorems and postulates are not always reversible.

The major purpose of this section and the next is lo acquaint
vou with some terminology. As vou study Chapter 2 and Chapter 3,
you will grow to appreciate and understand these sections even
maore, The homework problems in these sections are rather different
from those yvou have been solving, and we think yvou will enjoy
them.

Part Two: Sample Problem
Problem State the converse of each of the following stalements and tell whether
the converse is true or false.

a If an angle contains 90 degrees, it is a right angle.
b If Mary received a B on her history test. then she possed the test.

Answers a If an angle is a right angle, it contains 90 degrees. [True)
b If Mary passed her history test, she received a B on the test. [False)
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Part Three: Problem Sets
Problem Set A

1 What four elements are found in any deductive structure?

2 Which of the following kinds of statements are always reversible?
a Definitions b Theorems ¢ Postulates

3 Answer each question Yes or No.
| a Do we prove theorems? b Do we prove definitions?

4 Tell whether each of the following statements is a theorem or a

definition,

a If two angles are right b If a ray bisects an angle, it
angles, then they are divides the angle into two
congruent. congruent angles.

5 a Write the converse of each of the following statements.

i If A, then B.
ii Rain =» wet
iii If an angle is a 45° angle, then it is acute.
iv If a point is the midpoint of a segment, it divides the
segment into two congruent segments.

b Discuss the truth of each of the converses in part a.

In problems 6 and 7. comment on the reasoning used.
6 The school colors are orange and black, so I'll wear my orange
skirt to the game and everyone will notice me.

1 I've flipped this silver dollar five times and the toss has come up
heads each time. Thus, the odds are greater than 50-50 that the
toss will come up tails next time.

Problem Set B

In problems 8-12, study each of the arguments and state whether
or nol the conclusion is deducible. If it is not, comment on the error
in the reasoning.

8 If a student at Niles High has room 303 as his or her homeroom,
the student is a freshman. Joe Jacobs is a student at Niles High
and has room 303 as his homeroom, Therefore, Joe Jacobs is a
freshman,

9 If the three angles of a triangle are acute, then the triangle is
acute. In triangle ABC, angle A and angle B are acute. Therefore,
triangle ABC is acute.

10 All school buses stop at railroad crossings. A vehicle stopped at

| the Santa Fe railroad crossing. Therefore, that vehicle is a school
bus.
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11 All cloudy days are depressing. Therefore, since 1 was depressed
on Thursday, Thursday was cloudy.

12 If two angles of a triangle are congruent, then the sides opposite
them are congruent. In AABC, £A = £B. Therefore, in AABC,
BC = AC.

Problem Set C

13 Study the following five statements.

1 Spoof is the set of all purrs.

2 Spoof contains at least two distinct purrs.

3 Ewvery lilt is a set of purrs and contains at least two distinct
purrs.

4 If A and B are any two distinct purrs, there is one and only
one lilt that contains them.

5 No lilt contains all the purrs.

8 Show that each of the following statements is true.
i There is at least one lilt.
il There are at least three purrs,
iii There are al least three lilis.

b If the lilt “girt" contains the purr “pil" and the purre “til" and
if the lilt “mirt” contains the purr “pil" and the purr “til"
then the lilt “girt" is the same as the lilt “mirt" except in one
case, What is this case?

14 The Bronx Zoo has a green lizard, a red crocodile, and a purple
monkey. They are the only animals of their kind in existence.
One violently windy Saturday, their name tags blew off, and
their keeper's journal was torn to shreds. Inasmuch as they were
to appear on television at 7:30 Sunday morning, the night watch-
man had to replace their name tags. He managed to piece to-
gether the following information from the mangled journal.

1 Wendy cannol gel along with the lizard.

2 Katie playfully took a bite out of the monkey's ear one
month ago,

3 Wendy never casts a red reflection in the mirror.

4 Jody has the personalily of a crocodile, but she isn't one.

Match the animals with their names.

Section 1.7  Deductive Structure
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STATEMENTS OF LOGIC

| Objective
After studving this section, vou will be able to
= Recognize conditional statements
® Recognize the negation of a statement
= Recognize the converse, the inverse, and the contrapositive of a
stalement
= Use the chain rule to draw conclusions

Err One: Introduction

Review of Conditional Statements

In this section, we will review and extend the discussion of condi-
tional statements in Section 1.7. Recall that a conditional statement
is a sentence that is in the form “If . . ., then . . ." Many declarative
sentences can be rewritten in conditional form.

Declarative Sentence: Conditional Form:
= Two straight angles are = If two angles are straight angles,
congruent, then they are congruent.

Remember that

® The clause following the word if is called the hypothesis

® The clause following the word then is called the conclusion

® The conditional statement “1f p, then q"' can be written in symhols
asp=>gq

Negation

The megation of any statement p is the statement “not p.” (Thus, the
negation of It is raining” is "1t is not raining.””) The symbol for “not
p" is ~p. Notice also that the negation of “It is not raining” is “It is
raining”—in general, not (not p) = p, or ~~p = p.

Converse, Inverse, and Contrapositive
Every conditional statement “If p, then g" has three other statements
associated with it (You have already been introduced o the first of
these—the converse).

1 A converse (If g, then p.)

2 An inverse (If ~p, then ~q.)

3 A contrapositive (If ~qg, then ~p.)

Chapter 1 Introduction to Geometry



Example Find the converse, the inverse, and the contrapositive of the stalement
“If you live in Atlanta, then yvou live in Georgia.”

The statement is in the form “If p, then g,” with p being *“You live
in Atlanta” and g being *You live in Georgia."”

Caonverse: "If you live in Georgia, then you live in Atlanta."”
(If g, then p.)
Inverse: “If you don't live in Atlanta, then vou don't live in Georgia.”
(If ~p, then -q.)
Contrapositive; “If you don't live in Georgia, then vou don't live in
Atlanta.” (If ~q, then ~p.)

You may have noticed that some of the statements in the preceding
example are not necessarily true, although the original statement is
true. A useful tool for determining whether or not a conditional
statement is true or false is a Venn diggram, Assume that the
following statement is true: “If Jenny lives in Atlanta, then Jenny
must live in Georgia.”

All the people who live in Georgia are P
represented by points on the large circle and / ;F?\

in its interior [G). o .t
All the people who live in Atlanta are Q_/v /

represented by points on the small circle
and in its interior [A).

Notice that every person in set A, in-
cluding Jenny (]}, is also in set G.

The Venn diagram for this conditional statement may be used to

test whether its converse, inverse, and contrapositive are true or
false.

¥

Converse: “If Jenny lives in Georgia, then she must live in Atlanta.

This slatement is nat necessarily true, as > =
shown by the diagram. Notice that point | f \
may lie in G but not in A. This means that ' |
Jenny could live in Georgia and vel nat live k /
in Atlanta. NP

In general. the converse of a conditional staterment is not neces-
sarily true. Try a similar argument with the same Venn diagram o
convince yourself that the inverse of a conditional statement is also
not necessarily true.

Contrapositive: "If Jenny does not live in Georgia, then she does not
live in Atlanta.”

This time point ] lies outside of G, so il ‘_\
cannol lie in A. Any point that is not in G is Sl
also not in A. Therefore, the contrapositive G .

is true. . /

Section 1.8 Statements of Logic
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Theorem 3

equivaleni.

Example

Problem 1

Solution

Problem 2

Solution

Chapter 1

This analysis suggests the following important theorem:

If a conditional statement is true, then the contra-
positive of the statement is also true.
(If p, then q <> If ~q, then ~p.)

In other words, a statement and its contrapositive are logically

Chains of Reasoning

Each proof that you do involves a series of steps in a logical se-
quence. In many cases, the sequence will take the following form.

fp=qandg=>r,thenp=>r.

This is called the chain rule, and a series of conditional slatements
so connecled is known as a chain of reasoning.

If we accept the two statements “If you study hard, then vou will earn
n good grade” (p = q) and "If vou earn o good grade, then your
family will be happy™ (g = r), what can we conclude?

We can conclude that p =» r—that is, if vou study hard, then vour
family will be happy.

;rr Two: Sample Problems

Write the converse, the inverse, and the contrapositive of the following
true statement: “If two angles are right angles, then they are congru-
ent.”

Converse: “If two angles are congruent, then they are right angles.”
(The converse is false; for example, each angle may have a
measure of 60.)

Inverse: “If two angles are not right angles, then they are not congru-
enl.” [The inverse Is also false.)

Contrapositive: “If two angles are not congruent, then they are not
right angles.” (The contrapositive is true—the state-
ments are logically equivalent.)

Draw a conclusion from the following statements:

If gremlins grow grapes, then elves eat earthworms.
If trolls don’t tell tales, then wizards weave willows.
If trolls tell tales, then elves don't eat earthworms.

First, we rewrite the statements in symbolic form.

Introduction to Geometry



1) g=e

(2) ~1=>w

(3) t=—~ea

To complete the chain of reasoning, we can rearrange the statements
and use contrapositives as needed to match symbols, Thus,

(1) g=>e

(3) e=>~t (t=> —e is equivalent to e = —1))

(2) ~t=>w

s g=w (The symbol .. means “therefore.”)

Hence, if gremlins grow grapes, then wizards weave willows.

Err Three: Probilem Sets

Problem Set A

1 Write each senlence in conditional (“If . | .. then . . .") form.
a Eighteen-vear-olds may vote in federal elections.
b Opposite angles of a parallelogram are congruent.

Write the converse, the inverse, and the contrapositive of each

statement, Determine the truth of each of the new statements.

a If each side of a triangle has a length of 10, then the triangle's
perimeter is 30.

b If an angle is acute, then it has a measure greater than 0 and
less than 90.

If a conditional statement and ils converse are both true, the
statement is said to be biconditional, Which of these statements is
biconditional?

a If two angles are congruent, then they have the same measure.
b If two angles are straight angles, then they are congruent.

Draw a Venn diagram for the true conditional statement “If a
person lives in Chicago, then the person lives in lllinois.”
Assuming that each of the following “Given . . .” statements is
true, determine the truth of the conclusion.
a Given: Penny lives in Chicago.

Conclusion: Penny lives in linois.
b Given: Benny lives in Illinois.

Conclusion: Benny lives in Chicago.

¢ Given: Kenny does not live in Chicago.
Conclusion: Kenny must live in Illinois.

d Given: Denny does not live in [lincis.
Conclusion: Denny lives in Chicago.

Section 1.8 Statements of Logic
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Problem Set A, continued

§ Write a concluding statement for each of the following chains of

reasoning.

aa=rb b p=—q
d=p—c r=>q
~-c=>a0 s=T
b=>f

¢ If weasels walk wisely, then cougars call their cubs.
If goats go o graze, then horses head for home.
If cougars call their cubs, then goats go to graze,
If bobcats begin to browse, then weasels walk wisely.

Problem Set B

6 Write the converse, the inverse, and the contrapositive of “If M is
the midpoint of AB, then M, A, and B are collinear," Are these
statements true or false?

1 Rewrite the following sentence in conditional form and find its
converse, inverse, and contrapositive: A square is a quadrilater-
al with four congruent sides.”

8 Wrile the converse, the inverse, and the conlrapositive of each
statement.

a If a ray bisects an angle, it divides the angle into two congru-
ent angles.

b If two sides of a triangle are congruent, then the angles oppo-
sile those sides are congruent.

9 What conclusion can be drawn from the following?
~c=>~f g=b p=>[ c=-b

Problem Set C
10 What conclusion can be drawn from the following? PaoeseiLiTy

If the line is long, then Quincy will go home.
If it is morning, then Quincy will not go home.
If the line is long, then it is morning,

I Hou HAVE § Tocs, 3 wikL
BE ASLLEF
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PROBABILITY

Objective
After studying this section, you will be able to
® Solve probability problems

Part One: Introduction

A knowledge of probability is obviously important to an insurance
company, to a card player or a backgammon expert, and to an
operator of a gambling casino. Moreover, setting up and solving
probability problems requires the precision and the organized, or-
dered thinking needed by secrelaries, accountants, doctors, filing
clerks, computer programmers, and geometry students.

Although probability is not one of the major topics in this book,
vou will occasionally encounter probability problems in the problem
sets, You can analyze such problems by following a simple two-step
procedure.

Two Basic Steps for Probability Problems

1 Determine all possibilities in a logical manner. Count them.
2 Determine the number of these possibilities that are
“favorable.” We shall call these winners.

You can then calculate the probability by means of the following
formula.

number of winners
number of possibilities

Probability =

Part Two: Sample Problems

Problem 1 If one of the four points is picked at
random, whal is the prebability that
the point lies on the angle?

Section 1.9 Probability
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Solution

Problem 2

Solution

Problem 3

Solution

Problem 4

Solution

We follow the two basic steps by listing all the pessibilities and
circling the winners.

@ ® © @
Winners _ 4 _ A
Possibilities 4
If two of the four points are selected A
at random, whaish the probability B
that both lie on CA?
|3 D

We follow the two basic steps by listing all the possibilities and
circling the winners. (Notice how we have attempted to list the
possibilities in an orderly manner,)

"X I
AD

Winners 5 1

If three of the four points are selected
in a random order, what is the proba-

bility that the ordered letters will cor-

rectly name the angle shown?

e N

We follow the two basic steps by listing all the possibilities and
circling the winners. (This problem is harder than the first two
examples because the order of the points is important. Notice how
we have listed the possibilities in an orderly manner.)

ABC BAC CAB DAB

AEBD BAD CAD DAC

ACB BCA CBA DBA
CBD DBC

ADB BDA ChA

ADC BDC CDB

Winners _ 4 1

Possibilities 24 &

A point Q is randomly chosen on AB. A C B8
What is the probability that it is with- 3 11 15
in 5 units of C?

Even though there are infinitely many points on the segment, we can
find the probability by comparing the length of the “winning” region
with the total length of AB.

Chapter 1 Introduction to Geometry



= B _3
Probability = 2= 1

Part Three: Problem Sets

Problem Set A
In problems 1-4, refer to the following diagram.

i A
L, zf | T
F 50 B (7] Lo iy
F
130 _ a0 E

D
1 If one of the five angles is selected at random, what is the
probability that the angle is acute?
2 If one of the five angles is selected al random, what is the
probability that the angle is right?
3 If one of the five angles is selected at random, what is the
probability that the angle is obtuse?

4 1f one of the five angles is selected at random. what is the
probability that the angle is straight?

§ If a point is randomly chosen on PR, P ]
what is the probability that it is within 4 0

2 units of R?

Problem Set B

In problems 6-9, use the five angles shown at the beginning of
Problem Set A.

6 If two of the five angles are selected at random, what is the
probability that both are acute?

7 If two of the five angles are selected at random. what is the
probability that one of them is obtuse?

B If two of the five angles are selected at random, what is the
probability that one is right and the other is obtuse?

Section 1.9 Probability |
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Problem Set B, continued

8 An angle is selected at random from the five angles and then
replaced. A second selection is then made at random. (Thus, the
same angle might be selected twice.] What is the probability that
an acute angle is selected both times?

10 If a point B is chosen on AC, what is the A

probability that -5 =B = 7? < 0 "

=z

11 The second hand of a clock sweeps continuously around the face
of the clock. What is the probability that at any random moment
the second hand is between 7 and 127

Problem Set C

12 If two of the five angles shown in Problem Set A are selected at
random, what is the probability that neither angle is acute?

13 If the four points shown are to be labeled . T
with the letters A, B, C, and D in such a
way Lthat A and two of the other points
are collinear, in how many different
ways can the diagram be labeled?

M=

14 Consider points A, B, C, D, and E as shown. D

A

EE =

a If two of these points are selected at random, whal is the
probability that they are collinear?

b If three of these points are selected at random, what is the
probability that they are collinear?

e If four of these poinls are selected at random, what is the
probability that they are collinear?

)
15 If a point is chosen at random in rectan- B
gle ABCD, what is the probability that -
a It is in square SQUA? 5 Q
b It is not in square SQUA? 3
F ;
A

52 Chapter 1 Introduction to Geometry
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CHAPTER SUMMARY

CONCEPTS AND PROCEDURES

After studying this chapter, vou should be able to

» Recognize points, lines. segments, ravs, ﬂngles. and iriangles (1.1)

8 Measure segments and angles [1.2)

8 Classify angles and name the parts of a degree [1.2)

# Recognize congruent angles and segments [1.2)

® Recognize collinear and noncollinear points (1.3)

® Recognize when a point is between two other points (1.3)

= Apply the triangle-inequality principle (1.3)

® Correctly interpret geometric diagrams (1.3)

® Write simple two-column proofs (1.4)

® [dentify bisectors and trisectors of segments and angles [1.5)

® Write paragraph proofs (1.6)

m Recognize that peometry is based on a deductive structure (1.7)

m Jdentify undefined terms, postulates, and definitions (1.7)

® Understand the characteristics and application of theorems [1.7)

= Recognize conditional statements and the negation, the converse,
the inverse, and the contrapositive of a statement (1.8)

® Use the chain rule to draw conclusions [1.8)
® Solve probability problems (1.9)

VOCABULARY

acule angle (1.2)

angle (1.1)

bisect, bisectar {1.5)
chain rule (1.8)
collinear (1.3)
conclusion [1.7)
conditional statement (1.7)
congruent angles (1.2)
congruent segments (1.2)
contrapositive (1.8)
converse (1.7)
counterexample (1.6)
deductive structure (1.7)
definition (1.7)

endpoint (1.1)
hypothesis [1.7)

implication (1.7)
intersection (1.1)
inverse (1.8)

line (1.1)

line segment [1.1)
measure [1.2)
midpaint (1.5)
minute {1.2)
negation (1.8)
noncollinear (1.3)
number line [1.1)
obtuse angle (1.2)

paragraph proof (1.6)

point (1.1)
postulate (1.7)
probability (1.9)

prolractor (1.2)

ray [1.1)

right angle (1.2]
second (1.2)

segment (1.1)

straighl angle (1.2)
theorem (1.4)

tick mark (1.2}
triangle {1.1)

trisect. trisectors {1.5)
trisection points (1.5)
two-column proof (1.4)
union (1.1)

Venn diagram [1.8)
vertex (1.1)
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|
REVIEW PROBLEMS

Problem Set A

1 a Name in all possible ways, the line B
containing A, R, and D. f.-'-"“-{ _ !
b Name the sides of ZABC. LrY, 5 e
¢ What side do £2 and £4 have in V4 e \
common? A L= ;)
d Name the horizontal ray with end- R
point C.
e Estimate the sizes of ZBAD, £2, and
£LABC,
f Are angles FCD and DCE different
angles?
g Which angle in the figure is £B?
h ECUFA=_7
i ECNFA=_1
i BAUBE=_1t
k ACNDR=_1
| ZAFDNCE = 2
2 Tell whether each of the following angles appears to be acute, D E

right, obtuse, or straight. Which angle's classification can be
assumed from the diagram?

a £LH

£06 =
£LGFE

£DEF

£ZHDF

2

43°15'17" + 25°49'18" =
b 90° - 35°17" = 2

4 a Change 45-:'1" to degrees, minutes, and
seconds.

b Change 132°%' to degrees.
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b a According to the diagram, which two R

segments are congruent? A .
- : P 5 g
b According to the diagram, which two g _ I \\\
angles are congruent? kS | .
.r': \'r:K - i‘\ \\\ -
B = s - il

6 a If LEFG is obtuse and £HJK is right, A
is £1 = £27 Et e
|

b If £EFG = £HJK, is 21 = £27

T
e ik H¢
F .."'.Fd.- ..:':- —— _:_.. v
L
T It £A = /B find m£A. //‘\
-\.! + rI 50 = _Il.:\‘\\
i} —
8 The measures of £1, £2, and £3 are in 7
the ratio 1:3:2. Find the measure of each =, ¥
angle. S gl
- _
9 Is it possible for both £ANOR and £POS . M
1o be right angles? '.'-'..'~ '.IH

In problems 10 and 11, copy each figure and incomplete proof,
Then complete the proof by flling in the missing reasons.

10 Given: Diagram as shown A
Prove: LEFG = AHJK

™
“

G

Stalements Reasons

1 Diagram as shown

2 LEFG is a straight angle
3 HJK is a straight angle
4 LEFG = £LHJK

e LI B ==
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Review Problem Set A, continued

11 Given: ZABC = 130°%
£ABD = 60° .
Prove: ZDBC is acute. AN

Stalements Reasons

LABC 139

£ABD = 60°

£DBC = 70°

e L g =
e L0 o =

£ DBC is acute

In problems 12-15, write each proof in two-column form.

12 Given: £X is a right angle. ’L&
ZY is a right angle. i
Prove: £X = £Y /

13 Given: AB = BC

Prove: B is the midpoint of AC. A

14 Given: D_F and ﬁf trisect £ EDH.
Conclusion: £EDF = £FDG = £GDH

I3 — ] ”
18 Given: TW bisects £VTX. T
Prove: ZVTW = £ XTW ' :
/". I. -"":F A
e il
“_',.f"'ﬁ L
'|l‘|'
16 Given: 21 = 61.6°, A
£2 = 613°
Prove: £1 = £2 [Write a paragraph ,f
proof.) i1 :

17 a Find coordinate of C (the midpoint
of BD).
b 1f AD = 15, find the coordinate of A.

Chapter 1 Introduction to Geometry
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18 Copy the diagram and draw AA'B'C, £,
the reflection of AABC, over £,. What is B 12 P
the length of A'B"? :V .
A 3
< =N
g £
19 a If one of the five labeled points is se- Q

lected at random, what is the probabil-
ity that it is a midpoint?

b If two of the five points are randomly },f /
chosen, what is the probability that P
both are midpoints?

20 Given: OR and OS trisect 2 TOP.
LTOP = 40.2°

Find: m<£POR

21 Find the angle formed by the hands of a clock at each time.
a 1:00 b 11:20 c 445

22 Write the converse, the inverse, and the contrapositive of the
statement "If the time is 2:00, then the angle formed by the
hands of a clock is acute.” Are these statements true or false?

Problem Set B f
23 The perimeter of PRST is 10 more than ' A
5(RS). If PR = 26, find RS, -
P - R
24 Given: LDEG = (x + 3], h
LGEF = (2x + y)% 01
LDEF is a right angle. G
a Solve for ¥ in terms of x. ' g
b If ZDEG = £GEF, find the values of x .
and y.
25 Given: WY = 25; w N
The ratio of WX to XY is 3:2. "
Find: WX

26 The measure of £A is 6 greater than twice the measure of £B. If
the angles’ sum is 42°, find the measure of ~A.

Review Problems
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Review Problem Set B, continued

27 Given: £ ABC is a right angle.
LDBC = 20°,
£LFEG = 4(F,
£GEH = 307
Prove: £ABD = AFEH
(Write a two-column proof.)

28 Given: ZOMK = 50°, 0]
£LOKM

= (2x)°,
LOK] = (5% + 5)° of

Conclusion; £ 0K] = £A0MN

|
W

= F
(Write a paragraph proof.) | K

& A
e

LY i

\1/

g0 29 N/ 10ca018

29 Find m<1.

30 The diagram shows Kara’s watch. If Kara //_\
cannol go home until 4:15, how many 10 2

degrees must the hour hand travel before .I'r

she can go home? , /\;
:k V.
7 —%

31 Find the measure of ZABD to \D
@ The nearest tenth of a degree B12x)7\ (2460x)"
b The nearest minute A B
32 If a point is chosen at random on PR, P 0 R
what is the probability that it is within 6 e 0 24
units of Q7
33 The characteristics of a triangle require P
that PR be between what two values? /\
R = ~ Qg

34 Given: BD bisects £ABC.
m<ABC = 25

Solve for x and v.
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35 0 is obtuse, ‘-

8 What are the limitations on m£0Q? -
(Write two inequalities.) e e O

b What are the restrictions on x?

36 Given that £R is a right angle, solve for x.

37 The perimeter of a rectangle is 20. If the rectangle’s length is less
than 4, what is the range of possible values of its width?

Problem Set C

38 Given: ZABC is a right angle. 1
£DBE is a right angle. At n
Prove: £ABD = +/CBE f,,f"f?
(Write a paragraph proof.) 5 P -
%‘C -
I"|‘I¥ E
hl

= -
39 Draw a diagram in which AB and CD intersect at E but in which
£AEC does not appear to be congruent to ZDEB.

40 Jennie's teacher told her to select two problems from a list of two
C-level problems, five B-level problems, and one A-level problem.
If she selected al random, what is the probability that she se-
lected two B-level problems?

41 At 3:00 the hands of a clock form an angle of 90°. To the nearest
second, at what time will the hands of the clock next form a 90°
angle?

Problem Set D

42 If six points are represented on a sheet of paper in such a way
that any four of them are noncollinear,

a8 What is the maximum number of lines
determined?

b What is the minimum number of lines
determined?

43 To the nearest second, what is the first time after 2:00 that the
hands of a clock will form an angle 2% times as great as the angle
formed at 2:007%

Review Problems
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