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Using the cubic

Find the cubic with roots

Using substitution and starting with

The new cubic (with a bit of algebra) is

Let’s call the roots α’, β’, .
What we don’t do in 9231 but is a helpful exercise is to find the actual roots using algebra (or the Casio solver) for each polynomial and comparing:
x: x = 2, -1, -3
Before solving for y, let’s see what we expect based on the relationships given:
For the x root of 2, we expect a y root of


For the x root of -1, we expect a y root of

For the x root of -3, we expect a y root of

And when we solve the y polynomial, we find that these are indeed the roots: y = 2, -1, 1/3.  This exercise shows that the process “works”; the roots of the y equation are the roots we wanted in the new polynomial.


Now let’s ask the question for the y polynomial, what is

One way to think about this question is based on sums and products of roots:

For the y equation, this is -10/6 or -5/3.
Another way to think about this question, understanding that it means “sum all the ways you can multiply three roots in pairs”, which is

, is to use the actual roots (y = 2, -1, 1/3) and calculate:

The result is -5/3, which agrees with the quantity we calculated using roots techniques.

So, what about this question: what is the value of

The roots of the x polynomial are  and since we know these roots (x= 2, -1, -3), one way to find the value is to input the root values:

Which results in a value of -2/3.
In 9231, you need to find the value using roots techniques rather than the actual root values.  How do you do this?  Note that the form of the roots in the question is the same form we substituted to find the y equation.  What this means is that the value of

In the x equation is the same as the value of  in the y equation.  So the way to find the product we are asked for, which relates to , the roots of the x equation, is to equate this product to , the roots of the y equation:
 


Thus, 

And in summation notation,

Is

So, to find the complicated looking product requested, which relates to the roots of the x equation, we can use the simpler product of the y roots.
Really?  Let’s check.
First, with x roots (x = 2, -1, -3)

Then, with y roots (y = 2, -1, 1/3)

Same answer.
Really.
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